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(A) E) a non-commutative probability space
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,

A-=A*
,

I c- A
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,
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> I :A→e a faithful trace

a linear

T( 1) = I

I(✗* x) > 0
,
with identity only when ✗ :O

thy)=-c(yx)
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(Eff,dp),£) ← ( it, I )

(E) unit) ~ (Much
,

tr)

Independence , ☒ ~> Free independence, *

✓ Gaussian distribution ~> Wigner semicircle distribution
A-

µ,
c- Prob( IR#-) ~ µ, : CUT> → ①

p → T(pass)

Shannon entropy ~ Free entropy
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Suppose (M'?) ; are independent random N×N matrices which are

self-adjoint and unitary invariant
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so that
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for some tuple AA .

Then X
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✗
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are freely independent .
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Independence + Unitary Invariance⇒ Free Independence
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Entropy

“You should call it entropy, for two reasons. In the first place your uncertainty
function has been used in statistical mechanics under that name, so it already
has a name. In the second place, and more important, no one knows what
entropy really is, so in a debate you will always have the advantage.”

—John von Neumann, to Claude Shannon
(Quoted from the retelling in [Tribus McIrvine 1971].)

Ian Charlesworth Regularity in free probability



Entropy

S = k logW on Boltzmann’s grave

(From Wikipedia, under the Creative Commons License.)
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Idea :

pipe is a macrostate
,

matrices correspond to microstates

Mr ;k
,
a) = { Baek:( a)JYp•, c- U}
↳ weak

open neighbourhood of
µ ,

✗ 1*1 = if I;÷%i÷kgHM*;kuD+**{H

✗ ( X ) = f) log/ s-tldpylsldpxk.lt C
For nice enough -6

,
✗ (5-1*-1) = ✗(a) + #* logfldetl J5-1OA)

✗
is . .,Xn free ⇒ ✗ (AP) = [XLX;)
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Entropy can detect properties of von Neumann algebras

suppose it,T) is a factor
.

it has Property 5 if there is a

bounded sequence t ; C- it so that for all set
,
T( It;s]*[t;s]) → 0

but I / It, - T.lt#(ti--LtiD) → 0 .

⇐ #to > ☐

If W*lxp ) has Property P
,
then ✗ top ) = - no

.
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Classically, £+51k + EN)/
⇐☐

= I/a) ÷ / / J* 11/2
[ (R ,dP)"

D; : ①{of
"" [ { xp > ☒ ① { xp >

CL4 A) ☒ Hot )

✗
i

'→ di;
I ☒ I

☒
* 1×1--118*1

""
"

-

☒ 1)HL4H
•

✗
* ( Ap ) = { f.III - ④* lot + F- 8) dt + #* tagline)
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[Biane Capitaine Guionnet] ✗ E ✗
*

[Dabrowski ; Jekel] For nice enough free Gibbs states , ✗ = ✗*

( In fact
, equality holds in

every
case both are known)

{ Ji Natarajan Vidick Wright Yuen] ⇒ 7K so that XY) = - ✗ =/ ✗
*

(be )



Non-microstates free entropy

Ian Charlesworth Regularity in free probability

[Biane Capitaine Guionnet] ✗ E ✗
*

[Dabrowski ; Jekel] For nice enough free Gibbs states , ✗ = ✗*

( In fact
, equality holds in

every
case both are known)

{ Ji Natarajan Vidick Wright Yuen] ⇒ 7K so that XY) = - ✗ =/ ✗
*

(be )



Non-microstates free entropy

Ian Charlesworth Regularity in free probability

[Biane Capitaine Guionnet] ✗ E ✗
*

[Dabrowski ; Jekel] For nice enough free Gibbs states , ✗ = ✗*

( In fact
, equality holds in

every
case both are known)

{ Ji Natarajan Vidick Wright Yuen] ⇒ 7K so that XY) = - ✗ =/ ✗
*

(be )



Free entropy dimension
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d
* to) = #DA - limit ×*↳&

)
E-so log TÉ

do (B) - asymptotic packing number for HAIKU)
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[Bercovici Voiculescu] ✗
,
Y free

.

µ×+µ({t}) it > 0 ⇐> Is,,sz tis,
+ sz , µ×({ s ,}) + pytzsz}) - l - ✗

[ Voiculescu]
8*1 ✗ ) = I - [

t.IR

{t})
'

[skoufranisshlyakhtent.it
✗
is .. . >

✗
a free without atoms ⇒ (pijHYDijc-M.tt) only has atoms with mass £

.

[ C Shlyakhtenko ; Mai Speicher Weber]
{ * lik ) = #* ⇒ plot) has no atoms

[ Mai Speicher Yin]

8*1×1 = #DX ⇒ er,
:c- >→ WHA extends to the

free stew field 0¢ -1$



Regularity

Ian Charlesworth Regularity in free probability

[Bercovici Voiculescu] ✗
,
Y free

.

µ×+µ({t}) it > 0 ⇐> Is,,sz tis,
+ sz , µ×({ s ,}) + pytzsz}) - l - ✗

[ Voiculescu]
8*1 ✗ ) = I - [

t.IR

{t})
'

[skoufranisshlyakhtent.it
✗
is .. . >

✗
a free without atoms ⇒ (pijHYDijc-M.tt) only has atoms with mass £

.

[ C Shlyakhtenko ; Mai Speicher Weber]
{ * lik ) = #* ⇒ plot) has no atoms

[ Mai Speicher Yin]

8*1×1 = #DX ⇒ er,
:c- >→ WHA extends to the

free stew field 0¢ -1$



Regularity

Ian Charlesworth Regularity in free probability

[Bercovici Voiculescu] ✗
,
Y free

.

µ×+µ({t}) it > 0 ⇐> Is,,sz tis,
+ sz , µ×({ s ,}) + pytzsz}) - l - ✗

[ Voiculescu]
8*1 ✗ ) = I - [

t.IR

{t})
'

[skoufranisshlyakhtent.it
✗
is .. . >

✗
a free without atoms ⇒ (pijHYDijc-M.tt) only has atoms with mass £

.

[ C Shlyakhtenko ; Mai Speicher Weber]
{ * lik ) = #* ⇒ plot) has no atoms

[ Mai Speicher Yin]

8*1×1 = #DX ⇒ er,
:c- >→ WHA extends to the

free stew field 0¢ -1$



Regularity

Ian Charlesworth Regularity in free probability

[Bercovici Voiculescu] ✗
,
Y free

.

µ×+µ({t}) it > 0 ⇐> Is,,sz tis,
+ sz , µ×({ s ,}) + pytzsz}) - l - ✗

[ Voiculescu]
8*1 ✗ ) = I - [

t.IR

{t})
'

[skoufranisshlyakhtent.it
✗
is .. . >

✗
a free without atoms ⇒ (pijHYDijc-M.tt) only has atoms with mass £

.

[ C Shlyakhtenko ; Mai Speicher Weber]
{ * lik ) = #* ⇒ plot) has no atoms

[ Mai Speicher Yin]

8*1×1 = #DX ⇒ er,
:c- >→ WHA extends to the

free stew field 0¢ -1$



Regularity

Ian Charlesworth Regularity in free probability

[Bercovici Voiculescu] ✗
,
Y free

.

µ×+µ({t}) it > 0 ⇐> Is,,sz tis,
+ sz , µ×({ s ,}) + pytzsz}) - l - ✗

[ Voiculescu]
8*1 ✗ ) = I - [

t.IR

{t})
'

[skoufranisshlyakhtent.it
✗
is .. . >

✗
a free without atoms ⇒ (pijHYDijc-M.tt) only has atoms with mass £

.

[ C Shlyakhtenko ; Mai Speicher Weber]
{ * lik ) = #* ⇒ plot) has no atoms

[ Mai Speicher Yin]

8*1×1 = #DX ⇒ er,
:c- >→ WHA extends to the

free stew field 0¢ -1$



Regularity

Ian Charlesworth Regularity in free probability

Open problems :

↳a.
constant

- Say p is a polynomial and XIX ) > - no .
Is ✗(pts)) > -o?

- Is d* a von Neumann algebra invariant? Is so ?


