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Non-commutative probability theory
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If commutative vNa's are (02,P) ,
view arbitrary vNa's as spaces

of

"non-commutative random variables"
.

A tracial state on M is a
linear

map

E : M -> K which is

positive (clata) = 0)
unital (t(1) = 1)
tracial (c(ab) = E((a))

We'll generally also assume

faithful ([laxa): 0 => c = 0)

normal (t(supxi) = supe(x:) for (i) boundedincreasinga
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· tr : Mu(e) -> D

· [de
,
· de) : LP -> C

· E : (%R,) ->

If X = x
*

C (M, t) ,
x generates a commutative -Na .

What is the corresponding probability space?

↳ (o(x)
, toP) where Po is the spectral measure :

7(x) = CTdP
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(Ailies X-subalgebras of (M
,
i) are

freely independent if whenever

i
, iz* ---- in in I

4 Ai
,

0 ker(t)

we have x .... xy
< ker(t)

Specifies all mixed moments by centring and recursion :

0 = +((x , - +(x(z) ... (xn - x(x)]))
= T(x

.
-- . xn) - -(x, )T(1xz- x) -- ..
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More calculations

=> =(xy +y) = = (xz)+ (y)) + + (x)+(yz) - t(x)
-

e(y)z

In particular,

-( (xy -yx)
*

(xy -y x) = 2(+ (x2) - e(x()(+(yz) - x(y))
= 2 Var(x)Var(y)
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Example

Click me!
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https://www.ilcharle.com/talks/2024/gregynog/pplusupustar.mp4
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g
. W

*(X
,
Xc) abelian>x((xxi]) = 0)

Entropic quantities give a measure of "how close to free"
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. .... In are
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Microstates :

↑ (x, .... xn) = 3 intlim
= asymptotic log volume of matricial approximations

If U-Haar(I(Ns) ,
XeMx() deterministic,

X and UXU
*

are almost free

If W*(x.. . . . , Xa) has a central projection,
matricial approximations are almost simultaneously

block diagonalizable.
[Voiculescu

, many others]
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de Bruijn's formula
, oversimplified :

if X (t) = X + FN
,

&x= I Mx

Consequence :

to understand entropy ,
we can look

at the derivative as an unbounded operator on 12

=(M,
c) the completion of M wrt <x, yb = + (x* y) .
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[C, Nelson]

A = C(X , x .. ., xn) W
*(x.. .... xn) = M

Derio(A) = [d : A+ P(M,dLM,/ =TD
= ["nice" derivations A- LM,)*((M, 33

can be equipped with the structure of

an M-M bimodule
,

and has a corresponding dimension

in [0 , n] , denoted ↓ (A) .

The bimodale structure depends on x
...-xus

but (A)

does not !
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Can bootstrap many
results : e . g.

~ (x, .... x) = n => no n
. c .

rational relations

(heavily using
work of Konnes-Shlyakhtenko]

and [Mai-Speicher - Yin])


