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[Cartier-Foata 1969
, Paraphrased]

Let G = (A
,
E) be a (simple) graph

A" = ** /uw - vn(2w) E3
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[Xw = (l-Xr)" = [X .. .. ., Xa]]

[w] A3 clique EkX...])/~o
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Independence - a rule for specifying joint expectations
in terms of

pure expectations

# a construction of product states

A:Ai(02)(x :x) = p
,
(x)4(x =)

·. ↓
(9

,
*4)((X :

"
- e

,

(x,) --- (x= e(,) = 0

........... Qui①:
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Example :

H = [((0, 0) , d)
Fo(l) =T Y

* K
full free Fock space

F.(1)= H/ symmetric Fock space

% : Blueb- C : Ti (d ,
Tr]

1 : (t) <B(F(H)) : 3
,
0 --0517 40 * 3 ,

0 ... 03
,

g . (t) = l
,
(t) + li(t)

*
under 9:

is

free/classical Brownian motion
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Are these central limit distributions

for a g
deformed free independence ?

[Speicher : Muraki c.

2000s] No.

There are 5 "reasonable" ways
of defining a

product state
.

A,A
,
xt

↓
"

f
①An

I Only 3 of them are symmetric . Only
* and Q

are symmetric and unital .)
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But on the other hand... [Mtotkowski 2004]

A = [n] G = (A, E) simple graph

Etr
, Pr) ve A

tracial x-algebras

(t ,
4) =(A,

4a)

· generated by copies of) A
.. ....

An

· if KEA is a clique, (ArJock pairwise commute

and are Q-independent
· if <<A is an anticlique, (Mulvey are freely

independent
The -deformed Gaussians are the output of a "C-central limit theorem"
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[W] is G-reduced if it has no representative with

adjacent matching letters.
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Main idea : if A2 : SENJCA"w. r] then

⑦ --- ArxAw ,

a ... Ari)G[nJe A
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[Cebron- Oliveira Santos-Youssef]

6. sequence of graphs converging to a graphon If

(* +
, 1)

revices 6-independent and all identically distributed

with mean O
,

variance 1.

Then

I

IVIG)e
dist

xg depending only on to
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[Green 1990]

G = (A
,
E) (Tr)wea groups

=/Tut]((
Eg. Right-angled Artin groups

[Caspers- Fina 2017]

Graph product defined for C*, W
*

- algebras

LIM) = L)

Preservation of Hanger up property,...
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X X2
random variables

dist

Xi
,

N
NXN matrices Xi

, N
> Xi

(Tr(X) - E[x])

Vin independent uniformly random NXN unitaries

Yin = UnXinHi

(Y @ Inc InDYan)
dist

> (x
, <2) classically independent

(Yow
,
Yzn) dist

> (x
.,
x2) freely independent
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(C-Collins ; C-de Santiago-Hayes-Jekel-Kunnawalkam Elayavalli ; Morampudi-Laumann]

Using more tensor factors and unitaries uniform in

well-chosen subgroups leads to G-independence .

This can be adapted to random permutation matrices

(with care over the diagonal) which tells us

graph products of type I factors with vanishing

first !"Betti number are strongly I-bounded

land in particular, not free group
factors).

(c.f
·

[Daris- Okun])
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When can we have type I summands in Ar ?

Subcases :

· If G = Kn,=QAr so the type I

summands are tensor products of those in the Ar.

·(Dykema 1993 ; Meda 201)

If 6 = Dr, Strater
& occurs as direct summand with weightd 10, 1

if eachAr has I as a direct summand

with weight Cr ,
and 1 -a = 11 - x

,
) +... + (1 - d)

(Ueda characterizes types of all summands
,

but this margin is too
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Aside :

* X2 projections of trace 26C .
12 <

Thes : something diffuse
if ↳ = x

,
= xz

W* (x,) * W
*(x) = DO something diffuse if< C

,
= XzED C ① something diffuse if C , Ca

Y

X
,

+ xz has corresponding atoms in its spectral measure

w
*(x) * W

*(x2) = D
* QC2 has 4 summands

*
"Xe has 3 atoms
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Simpler question : prefr for each wet.

when is p=Pr0 inTo ?

For a graph H with V(H) = S1 , ..., his let

& (X
,

.... Xn)= -Yo = (((X ......
X n]]

Theorem [C-Jekel]

↑ O EX VACA
, writing G'G for the corresponding induced subgraph,

&(11 - ept)ven) > 0
.

In this case
,

this is equal to 4(p).
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#In ... In
,

whereIn: her On

Y =

[nJe A

G-reduced

Assume An = CprPC(1-pu) ; write p=e so

Suppose 3= Ekw])pixe
G-reduced

P(l) = pr -x(p-
) + x(pu) = Ip--x(p-(((p + 4(p)1

↑ (p) = (1 - 4(-1)pi + 1pv - expo/11

=> ([v]) = (5)
Similarly if [] EA

* /A? = (Crw])= ESw
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F (X , . . . .,
Xn)= Xw Fr(X-sXu= Xw

G-reduced
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IIzell= 19Kw:A s
G-reduced

= I l
G-reduced

= Fr(!s ....2
= F(1 - y(pi) , ....

1 - u(pn))

(1 - u(pi .... 1 - 4(n))
-
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Theorem [C-Jekel]

Let C : /A
,
E) be a finite simple graph,

(Arc Poet Haithful normal) statial vNas

The type I summands of (1
,
4)=Ar

,
Yo) can be

explicitly described based on polynomial conditions

& >O at points depending on the summands of An

and the restriction of Or to those summands.


